First, it is proved the existence theorem on solutions of the Riemann-Hilbert boundary value problem with arbitrary measurable data for generalized analytic functions in the unit disc. Then the theorem is extended to arbitrary Jordan domains with rectifiable boundaries in terms of the natural parameter and nontangential limits, moreover, to arbitrary Jordan domains in terms of harmonic measure and principal asymptotic values. On this basis, it is established the corresponding existence theorems for the Neumann and Poincare problems with arbitrary measurable data for the Poisson equations.
Introduction
The present paper is a natural continuation of the articles [16] - [20] devoted to the Riemann-Hilbert and Poincare (in particular, Neumann) boundary values problems for analytic and harmonic functions, respectively. Here we extend the corresponding results to generalized analytic and harmonic functions with arbitrary measurable data, see relevant history notes in the mentioned articles and necessary comments on previous results below.
Recall that a path in the unit disk D := {z ∈ C : |z| < 1} terminating at ζ ∈ ∂D is called nontangential if its part in a neighborhood of ζ lies inside of an angle in D with the vertex at ζ. Hence the limit along all nontangential paths at ζ ∈ ∂D also named angular at the point. The latter is a traditional tool of the geometric function theory, see e.g. monographs [2] , [6] , [9] , [13] and [14] .
It is well-known the uniqueness theorem to the Dirichlet problem in terms of the angular limits e.g. for bounded harmonic functions u, see also Corollary IX.1.1 and Theorem IX.2.3. However, in general there is no uniqueness theorem in the Dirichlet problem for the Laplace equation even under zero boundary data.
The following deep (non-trivial) result of Luzin was one of the main theorems of his dissertation, see e.g. his paper [7] , dissertation [8] , p. 35, and its reprint [9] , p. 78, where one may assume that Φ(0) = Φ(1) = 0.
Theorem A. For any measurable function ϕ : [0, 1] → R, there is a continuous function Φ : [0, 1] → R such that Φ ′ = ϕ a.e.
Just on the basis of Theorem A, Luzin has proved the next significant result of his dissertation, see e.g. [9] , p. 80. Theorem B. Let ϕ(ϑ) be real, measurable, almost everywhere finite and have the period 2π. Then there exists a harmonic function U in the unit disk D such that U (z) → ϕ(ϑ) for a.e. ϑ as z → e iϑ along any nontangential path.
Such a solution of the Dirichlet problem for harmonic functions was given by Luzin in the explicit form through the function Φ from Theorem A:
(1.1) Later on, it was shown in [19] that the construction of Luzin can be described as the Poisson-Stieltjes integral, where Φ is not in general of bounded variation,
Note that the Luzin dissertation was published in Russian as the book [9] with comments of his pupils Bari and Men'shov only after his death. A part of its results was also printed in Italian [10] . However, Theorem A was published with a complete proof in English in the book [21] as Theorem VII(2.3). Hence Frederick Gehring in [3] has rediscovered Theorem B and his proof on the basis of Theorem A that in fact coincided with the original proof of Luzin.
Corollary 5.1 in [16] has strengthened Theorem B, see also [17] , as the next: The space of such analytic functions has the infinite dimension.
The proof of Theorem D was reduced to the corresponding two Dirichlet problems with measurable data for harmonic functions in the unit disk. Then Theorem D was extended to arbitrary Jordan domains with rectifiable boundaries in terms of the natural parameter and angular limits, see Theorem 3.1 in [16] , and also to arbitrary Jordan domains in terms of harmonic measure and the so-called unique principal asymptotic values, see Theorem 3.1 in [16] .
In turn, the results obtained in [16] have been applied in the paper [18] to the study of the Poincare problem on directional derivatives and, in particular, of the Neumann problem with arbitrary measurable data for the harmonic functions.
Namely, it was shown that the latter problems can be reduced to the Riemann-Hilbert problem through a suitable choice of the functions λ and ϕ in (1.3).
The well-known monograph [22] was devoted to the theory of the generalized analytic functions, i.e., continuous complex valued functions h(z) of the complex variable z = x + iy with generalized first partial derivatives by Sobolev satisfying equations of the form
where it was assumed that the complex valued functions a, b and c belong to the class L p with some p > 2 in the corresponding domain D ⊆ C.
In the present paper, to study Neumann and Poincare problems for the Poisson equations with arbitrary measurable boundary data it is first developed the theory of the Riemann-Hilbert problem with arbitrary measurable data for generalized analytic functions satisfying equations of the form
with the real valued function g in the class L p , p > 2. We call such functions h generalized analytic functions with sources g.
Riemann-Hilbert problem with measurable data
In this section, it is studied the Riemann-Hilbert problem with arbitrary measurable data for generalized analytic functions with sources. Then there exist generalized analytic functions h : D → C with the source g that have the angular limits
Furthermore, the space of such functions h has the infinite dimension.
Proof. First of all, let us extend the function g by zero outside of D and consider the logarithmic (Newtonian) potential N G of the source G = 2g,
It is known that △N G = G in the generalized sense, see Theorem 3.7.4 in [15] : [5] , and by elementary calculations
Consequently,
where T G is the known integral operator
Thus, N G ∈ W 2,p loc (C) by Theorems 1.36-1.37 in [22] if p > 1. Moreover, N G ∈ C 1,α loc (C) with α = (p − 2)/p by Theorem 1.19 in [22] if p > 2. Now, by the above arguments △U = G for U = N G and, setting u = U x and v = −U y , we have that u x − v y = G and u x + v y = 0. Thus, it is clear by elementary calculations that H := u + iv is just a generalized analytic function with the source g. Moreover, the function
is measurable because the function H is continuous in the whole plane C.
Next, by Theorem 2.1 in [16] there exist analytic functions A in D such that along any nontangential path Next, a Jordan curve generally speaking has no tangents. Hence we need a replacement for the notion of a nontangential limit. In this connection, recall Theorem 2 in [1] , see also Theorem III.1.8 in [12] , stating that, for any function Ω : D → C, for all pairs of arcs γ 1 and γ 2 in D terminating at ζ ∈ ∂D, except a countable set of ζ ∈ ∂D,
where C(Ω, γ) denotes the cluster set of Ω at ζ along γ, i.e.,
Immediately by the theorems of Riemann and Caratheodory, this result is ex- In particular, under λ ≡ 1 we obtain the following consequences on the Dirichlet problem for the generalized analytic functions. Note that the directional derivative
is the scalar product of ν and the gradient ∇U interpreted as vectors in R 2 .
Hence the following theorem is a direct consequence of Theorem 1 and Remark 1 on the Riemann-Hilbert problem in the unit disk D with λ(ζ) = ν(ζ), ζ ∈ ∂D. Furthermore, the space of such functions U has the infinite dimension. Remark 2. We are able to say more in the case of Re n(ζ)ν(ζ) > 0, where n(ζ) is the inner normal to ∂D at the point ζ. Indeed, the latter magnitude is a scalar product of n = n(ζ) and ν = ν(ζ) interpreted as vectors in R 2 and it has the geometric sense of projection of the vector ν onto n. In view of (3.3), since the limit ϕ(ζ) is finite, there is a finite limit U (ζ) of U (z) as z → ζ in D along the straight line passing through the point ζ and being parallel to the vector ν because along this line
Thus, at each point with condition (3.3), there is the directional derivative 2) the normal derivative
7)
3) the angular limit with respect to the natural parameter. Furthermore, the space of such functions U has the infinite dimension.
Arguing similarly to Remark 2, we have by Theorem 5 the following. 2) the normal derivative
11)
3) the angular limit
Furthermore, the space of such functions U has the infinite dimension.
Here we have also applied the well-known fact that any rectifiable curve has a tangent a.e. with respect to the natural parameter. Moreover, note that the tangent function τ (s) to ∂D is measurable with respect to the natural parameter s as the derivative dζ(s)/ds and, thus, the inner normal n(s) to ∂D is measurable with respect to the natural parameter, too.
Finally, the following result in arbitrary Jordan domains is a direct consequence of the relation (3.2), Theorem 3 and Remark 1. The corresponding results on the boundary value problems for generalized analytic and harmonic functions with arbitrary measurable data can be also proved for the systems of arcs by Bagemihl-Seidel, see the paper [20] devoted to similar problems for analytic functions.
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